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PERIODIC DCiI.,AIN 5;TRUCTUKt.S IN THIN 
EYBRID 1Th;i.IBTIC LI1LER.S 

0.D.LAVRENTOVICH and V.M.PERGAMENSHCHIK 
I n s t i t u t e  of Physics,  Acad.Sci. o f  t h e  
Ukrainian S.S.R., Kiev, U.S.S.R. 

Abstract Direc tor  d i s t r i b u t i o n  i n  the  plane 
ef a t h i n  equi l ibr ium nematic l a y e r  with 
d i f f e r e n t  and degenerate o r i e n t a t i o n s  of 
molecules on upper and lower su r faces  i s  
found t o  be pe r iod ic  i n  t h e  abeence of 
e x t e r n a l  f i e l d s  (Fig.?). 

To provide the  above mentioned hybrid boun- 
dary condi t ions ,  we deposi ted the  nematic (K-4-4.0, 
MBBA, o r  5CB) on t h e  su r f ace  o f  g l y c e r i n  or t h e  
APGT polymer; the upper sur face  was f r ee .  llhe 
easy axis o f  nematic molecules was tangent  t o  the  
lower su r face  and nealy normal t o  the  f r e e  sur- 
face.  Temperature g rad ien t s  were absent. 

A p o l a r i z i n g  microscope was employed t o  s tu-  
dy nematic f i lms  o f  zhickness hwlpm.  The obser- 
va t ion  revealed domain s t r u c t u r e  manifested through 
a l t e r n a t i n g  dark and l i g h t  bands (Fig.1). The 
l i g h t  i n t e n s i t y  modulationin the  ho r i zon ta l  pla- 
ne is  caused by t h e  d i r e c t o r  deformation i n  t h i s  
plane r a t h e r  than by v a r i a t i o n s  o f  t h e  molecule 
t i l t i n g  a t  t h e  l a y e r  surface.  The l a t t e r  a s s e r t i o n  
is confirnied by the  f a c t  t h a t  dark arid l i gh t  banas 
interchange under the r o t a t i o n  of t h e  sample. The 
doinain wid th  decreases a lmos t  l i n e a r l y  wi th  de- 

c reas ing  l a y e r  width (Fig.2). 
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FIGURE I. Per iod ic  s t r u c t u r e s  i n  HKL: iC-4.4-0 on t h e  
APGT su r face  ( a ) ;  5CB on t h e  g lyce r in  s u r f a c e  ( b ) .  
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F I G U R E  2, Typical dependences of t h e  domain period T 
on the  d i s t a n c e  L taken from t h e  domain boundary 
towards  t he  f i l m  edge for two f i l m s  o f  j C R  on 
g lyce r in ,  I n s e r t i o n  - K-440  on APGT. 
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PERIODIC STRUCTURES IN T H I N  HNL I27 

Being able t o  form per iodic  s p a t i a l  s t ruc tu res  
e i t h e r  due t o  spec i f i c  intermolecular i n t e rac t ions  
( cho le s t e r i c s ,  smectics, blue phases) o r  under the 
influence of external  d i r e c t i v e  forces  (tempera- 
t u r e  gradients ,  e l e c t r i c  and magnetic f i e l d s )  i s  
one of the most important propert iea  of  l i q u i d  
crystals'-3. I n  t h i s  paper, t he  per iodic  s t ruc tu re  
is discovered i n  the t r a n s l a t i o n a l l y  symmetric 
phase with no external  f i e l d s .  It i s  formed because 
the  boundary conditions on the  l a y e r  surfaces  a re  
d i f f e r e n t  and degenerated. I n  the e a r l i e r  s tud ie s  
considering s i m i l a r  conditions i n  equilibrium, the 
d i r e c t o r  had been assumed t o  be deformed only in 
t he  plane normal t o  t h e  laye$-7. However, t h i s  
s t a t e  turns  out t o  be unstable wi th  respec t  t o  de- 
formations i n  the  l aye r  plane i f  the  deforma- 
t i o n s  i n  the normal plane a re  s u f f i c i e n t l y  strong. 
Since the  boundary conditions a re  degenerated, the 
d i r e c t o r  r o t a t e s  on the l a y e r  surfaces  without 
energy losses.  

The s u f f i c i e n t  condition of t he  uniform s t a t e  
( U S )  i n s t a b i l i t y  in the  plane of a hybrid nematic 
layer (HNL) i s  the  existence of w e a k  deformations 
8x1 of  the  d i r e c t o r  s f o r  which the  second var ia-  

ve.Czitical  parameters a re  determined by the  con- 
d i t i o n  m i d  F=O. 

Suppose Kll=K33=K, K2* and KZ4 are  a r b i t r a r y ,  

of the  f r e e  energy F{n+,] is  negati-  - 2  
t i o n 8  P i s ,  nl  

2 

-0, The first assumption is natura l ,  and t he  =I3 
l a s t  one is made for the sake of  s implici ty .  Let 
z-axis be 'normal t o  the  l q e r  of thickness h ,  x- 
and y-axes be p a r a l l e l  and perpendicular t o  the  
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128 0 mD LAVRENTOVICH AND V OM mPERGAMENSHCHIK 

domain respect ively.  

+=O and €3(z)-(02-01)~/h+8,,where 0,=8(0) and e2= 
8(h)  are  t h e  angles between rr, and t h e  normals t o  
t h e  l a y e r  sur faces  ( subscr ip ts  rclcr and "2" hence- 
f o r t h  l a b e l  t he  lower and t he  upper sur faces  res- 
pect ive ly)  which m a y  be found i n  the  standard man- 
ner6 from the  equations 

For US,  we have &=(sineclos+, sinesin*, cose) ,  

z(~,-o,)+ W h  +sin2(~~-e,)=Z@,-02+ W h  +-sin2[~@,)=0 , (1 
where Ui a r e  t he  anchoring constants ,  ei a re  the  
angles between the  easy d i r ec t ions  and t h e  normals. 
For K1, ,~K33=K,  t h e  f r e e  energy F (per  u n i t  length 
along x) is  given by 899 

- . -  
where t=K22/K,  P = ( K ~ ~ + ~ ~ ~ / K .  Within t he  context 
of t h e  i d e n t i t y  

(vrii2+ -- (vxn)%(? L -  Rj)'+ - v@~E~-(QY)$)  
and the  assumptionsa/ax~O,88=W,S~ =(p, %=2A@xi, 
A='l-t, we f i n d  t h e  second v a r i a t i o n  o f  F,& P= 
8*P,+b Fs, i n  t h e  v i c i n i t y  of t h e  d i r e c t o r  go: 

t 2  

2 

L 
where ii=wic0s2(ei-ei)/~, ( o o - ) , = ( o - o ) ~ = h ~ ( . - - ) ~ = ~ ~  

We are  i n t e r e s t e d  i n  the s t a t e  t h a t  i s  pe r iod ic  
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PERIODIC STRUCTURES IN T H I N  Em 129 

in y and so t ake  i t  i n  the  Four i e r  s e r i e s  form. 
We r e t a i n  only t h e  first harmonic of t h e  s e r i e s :  
\Y=f(z)sinqy,v =g(z)sin(qy+A). Minimizings F with 
r e s p e c t  t o  y i e l d s  h=T/2. Then, a f t e r  one in t ro-  
duces $=qh, ?=(4h/KV ) ( V  
system along t h e  y-axis) and c a r r i e s  ou t  in tegra-  
t i o n  over y, one o b t a i n s  from ( 3 )  

2 

is t h e  dimensions o f  the  
Y Y  

VSZF= fda {J:+ t x  2 f 2 + r 2 ' 2  SM e-g2+ s;n2eti-asinze)g,2 

-2rAsin209;ff t 4 ~ ( i - p ) ( ~ i n % + g ) l ~  2 + 
0 

(41 

where t h e ' n o t a t i o n  z implies now s/h, s o  t h a t  
OL-zf l .  The Euler-Lagrange equat ions for t h e  bulk 

sh  
The a n a l y s i s  of  t he  complete expression (4) 
rs t h a t 8  F is  m i n i m u m  f o r  XCC? and g(z)=go+~(z), 2 

- 
where go=const>>g(x)(since the term-(l-p3 is  do- 
minant i n  (4)). I n  t h i s  case ,  t h e  s o l u t i o n  o f  Eqs. 
(5) is  t o  be presented as power series of  small 
q u a n t i t i e s  $,% ,4 , go, and t o  within t h e  squares 
of these q u a n t i t i e s ,  is o f  t he  form 

p)= %+ g(4 ' 
The quant i ty  go implies  t h e  angle g(z=O). Subst i -  
t u t i n g  (6) and (7) in (4) and assuming fNqgo, 
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130 

one 

The 

0. D. LAVRERTOVICE ARD V M .PERGAPBNSHCHIW 
obtains  6'F=A2+o(f 2 ), where 

+ h[I,$'+ t&(5-4)']+ Z' 
A 2=asz + 4 s(i-p> [F sin2@,- (5- 2) sin'ez] + 

(8) 
l a t t e r  is  a quadrat ic  form of the q u a n t i t i e s  

s=:xgo, $ and 5 . The domain s t a t e  is  ene rge t i ca l ly  
p re fe rab le  f o r  minA2L0, the  opposite condi t ion i s  
favorable  for US; the c r i t i c a l  po in t  for which the  
US becomes unstable  is determined by requirement 
minA2=0, The necessery and s u f f i c i e n t  condi t ion 
f o r  the  l a t t e r  t o  be sat isf ied is  D=O, where D i s  
the  determinant of the c o e f f i c i e n t  matrix of the 
form A 2,The c r i t i ca l  condition D=O may be wri t t en  as 

where A=alq12, a=l/2- (1/4) sin2 (e1-02)/(e@2) , 
h=(-B+\1B2+16b 2 2  A ')(2A)-' ( 9 )  

b=(l-p)(s in  2 B p i n  2 e2). 
(103 B=ac-4(1-p) 2 (12Sin 4 B1-l1sin 4 G,), 

C=l ,+ l* ,  

We remind the  reader  t h a t  t he  quant i ty  ei=ei(h, 
U,/K, W2/K) i n  (10) is  t h e  solution of (?), there- 
f o r e  equation (9) determines the  c r i t i c a l  height  hc. 

I n  order.  t o  f i n d  the  wave number S and the  
amplitudes go,' f :  and 5 , one has t o  take i n t o  ac- 
count i n  the  expension of  F higher orders  than i n  
A2. We give here only t h e i r  dependences on the  de- 
terminant D,OL-DC<'l, i n  t h e  v i c i n i t y  of the phase 
t r a n s i t i o n  po in t  f o r  which D-0: 

Y , 4 - - P *  
Thus we see t h a t  i f  (9) possesses a solution, 

then the re  occurs a phase t r a n s i t i o n  from the US 
i n t o  the domain s t a t e .  m e r e  appear deformations 
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P:’ERIODIC STRUCTURES IN T H I N  HNL 131 

of a l l  the t h x e  t y p e s ,  including two t i e j i s t s :  

around the  z-axis N g(z)  and around y-axisw sinqy. 
However, the dominant contr ibut ion in the  U S  in- 
s t a b i l i t y  i n  (4) i s  given by t h e  surface term pro- 
por t iona l  t o  (?-p) which corresponds the  in te rac-  
t i o n  between the  t w i s t  about the  y-axis and splay 
gocosqy. So it i s  na tu ra l  t h a t  goN(-D)’’2 grows 
under t r a n s i t i o n  much more rap id ly  than g(z)w(-D) 
(cf. (11) and (7)3. The s t ruc tu re  period i s  T = 
2Wh/x >> h. 

I n  order  t o  compare the theory and experiment 
i n  de t a i l ,  one has t o  car ry  out de t a i l ed  measure- 
ments ( the  wedge p r o f i l e ,  Oi, etc . )  and develop 
t h e  theory wi th  regard f o r  the  terms containing 
X f0 .  T h i s  w i l l  be made i n  our next. paper. But 13 
even the  theory proposed here enables one t o  sug- 

tha t  the s t r i p e s  with T >>hNpm can be g e s t  
given rise t o  by no terms o ther  than the  surface 
oneN(?-p): w i t h  the l a t t e r  being disregarded 
(i.e., f o r  K-K22-K24=0), the  US becomes unstable 
only f o r  very small K22, Xw I ,  hc<< I ym. 

3/2 

Y 

Y 

Equations (1) and (9) were solved numerically 
f o r  w,,=w -5 am -2 , w ~ = ~ . ~ - I o ~ ~ J ~ - ~ ,  K=Io-’”N. In 

standard case P = K ~ ~ + I ( ~ ~ = O ,  there e x i s t  two roo t s  
hc1=10j4m(8,,=830 , @2p?60 ) and hC2=3pm(~,,~79” , e2= 
39O). The domain s t a t e  occurs f o r  the  thickness 
hc2LhLhc,. The disappearance of s t r i p e  domains f o r  
sufficiently small h i s  confirmed experimentally, 
For p>pcw0.4, t he  roo t s  coincide, hcl=hc2N 4.6pn 
and the domain s t a t e  does not occur. 

t h e  U S  has t o  be unstable f o r  s u f f i c i e n t l y  deve- 
As follows from the  q u a l i t a t i v e  consideration, 
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132 O.D*LAVF!?TOVTCH AFD V.i.1 .PZRGME>JSHCHIK 

loped deformations-(81-f)2) i n  the  v e r t i c a l  plane. 
The numerical analysis  confirms t h i s  statement and 
makes it more accura te : i t  shows t h a t  Eq.(9) has a 
so lu t ion  f o r  considerable b N ( s i n  2 Q,,-sin 2 9,). 

I n  conclusion we note t h a t  b t h e  experiments 
with wedge-like HNL,the boundary o f  t he  US i s  as- 
sociated with f in i te -per iod  domains r a t h e r  than 
i n f i n i t e  ones prkdicted by the  theory i n  the  c r i -  
t i c a l  point.  The reason i s ,  t h e  domain period T 
v a r i e s  very rap id ly  near hc. Such va r i a t ions  o f  

t he  s t r i p e  widths would require  enormous numbers 
of defects .  That is  why i n  r e a l i t y  the  s t r i p e s  ap- 
pears  a t  t he  wedge beginning from hLhc, when I! Y 
v a r i e s  slowly from the  boundary towards the  wedge 
margin and t h e  defects  a r e  few.They a r e  seen i n  
Fig. I. 
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